We investigate how a dynamical mass of a fermion is affected by a topological mass of a gauge field in a Maxwell-Chern-Simons QED 3 coupled with a twocomponent fermion. The dynamical mass and also a parity condensate are estimated by using a non-perturbative Schwinger-Dyson method. In particular, we study a limit of vanishing the topological mass in detail and clarify a linking between theories with and without a Chern-Simons term in a non-perturbative
Introduction
In a sense, a space-time with dimensions "2+1" is mysterious because the mathematics tells us that there exists a specific term called a Chern-Simons term [1] . This term is allowed just in (2+1) dimensions. As is well known, a Lagrangian density for an electromagnetic field is given by a Maxwell term, which is 1) gauge invariant, 2) Lorentz invariant, and 3) bilinear for the gauge field. The (abelian) Chern-Simons term also satisfies all of 1) ∼ 3). Therefore the Maxwell theory in the (2+1) dimensions has a natural extension which is defined by adding the Chern-Simons term to the Maxwell Lagrangian. This extended version is called a Maxwell-Chern-Simons theory. [2, 3] without the Chern-Simons term in a nonperturbative level. This paper is organized as follows. In Sec. 2, we explain the Maxwell-Chern-Simons QED 3 briefly. A non-analytic nature of a fermion self-energy in a perturbation is examined in Sec. 3. The Schwinger-Dyson equations are derived and studied by an approximated analytical method in Sec. 4. We solve the equations by a numerical method in Sec. 5, where the dynamical mass and a parity condensate are estimated. In Sec. 6, we summarize our results.
2 Maxwell-Chern-Simons QED 3
We consider the Maxwell-Chern-Simons QED 3 with the two-component Dirac fermion. [2, 3] The Lagrangian density of the theory is given by
where e is the gauge coupling constant and α is the gauge-fixing parameter. The second term in the right-hand side of Eq. (1) is the so-called Chern-Simons term. It is well-known that the term gives the gauge field the mass µ without breaking the gauge symmetry. In fact, a free propagator of the gauge field iD µν (p − k) derived from Eq. (1) is written as
in which we find a massive pole at p 2 = µ 2 so that µ is called the topological mass of the gauge field. ψ is the two-component fermion field which belongs to the irreducible spinor representation in (2+1)-dimensions. The Dirac matrices are defined by γ 0 = σ 3 , γ 1 = iσ 1 , γ 2 = iσ 2 with diag(g µν ) = (1, −1, −1) where σ i 's (i=1, 2, 3) are the Pauli matrices. The γ µ 's satisfy relations as {γ µ , γ ν } = 2g µν , γ µ γ ν = −iǫ µνρ γ ρ + g µν and tr[γ µ γ ν ] = 2g µν . In this representation, there does not exist a matrix which anti-commutes with all of γ µ 's so that we cannot define the chiral transformation. This is a specific aspect of the odd-dimensional space-time. In even-dimensions, the chiral symmetry requires that a fermion is massless. In odd-dimensions, the chiral symmetry itself does not exist. Instead, the mass term of the fermion is forbidden by parity symmetry. The parity transformation in (2+1)-dimensions is defined as
. Under the parity transformation, the mass term of the fermion and the Chern-Simons term change their signs. Thus the mass terms of both the fermion and the gauge field are forbidden by the parity symmetry. We study how the breaking of parity by the topological mass affects the mass generation of the fermion.
Non-analytic behaviour in perturbation
Before proceeding to a nonperturbative analysis, it would be useful to see a fermion selfenergy in the lowest order of perturbation in order to make prominent its non-analytic behaviour in the µ → 0 limit. The fermion self-energy in the one-loop approximation, Σ (1) (p), is expressed as
where iS F (p) is a free fermion propagator as
and iD µν (p − k) is a free propagator of the gauge field given in Eq. (2). The allowed form of the fermion propagator in the relativistic theory is written as
where A (1) (p) and B (1) 
A (1) (p) −1 is the wave function renormalization and B (1) (p)/A (1) (p) is a mass induced by dynamical effects at the momentum scale p. The so-called dynamical mass m phys is defined by m phys = B (1) (0)/A (1) (0) as usual. It is useful to notice the relations as tr Σ (1) (p) = −2iB (1) (p), tr pΣ (1) 
We substitute Eqs. (4) and (2) into Eq.(3) and use Eq. (6) . We change the metric to the Euclidean one by the Wick rotation as (k 0 , k) → (ik 0 , k) and (p 0 , p) → (ip 0 , p). Then k 2 and p 2 are replaced by −k 2 = −(k 0 ) 2 − (k 1 ) 2 and −p 2 = −(p 0 ) 2 − (p 1 ) 2 . After that, we transform the integral variables k µ 's to the polar coordinates (k, θ, φ). The angular integration on θ and φ can be done explicitly. Finally we obtain
A (1) 
The dynamical mass of fermion is defined in the infrared limit so that we are interested in the behaviour of A (1) (p) and B (1) (p) in this limit. In the region of p ≪ 1, Eqs. (7) and (8) are written as
This infrared approximation makes the integration on k possible and we have
where ǫ is the infrared cutoff in the integration on k. We notice that A (1) (0) is free from the infrared divergence only in the Landau gauge.
We can see the non-analytic µ-dependence of A (1) (0) and B (1) (0) in Eq. (11): B (1) (0) depends on the sign of µ so that the value of B(0) at µ = 0 is not well defined. On the other hand, A (1) (0) is singular at µ = 0. Therefore the theory with the Chern-Simons term is not be smoothly connected to the theory without the Chern-Simons term at least in the lowest order perturbation. This situation found in the perturbation motivates us to study the µ → 0 limit of the dynamical fermion mass by a nonperturbative method. This issue is extensively studied in the successive sections.
Schwinger-Dyson equation
In this section, we proceed to a nonperturbative analysis, where we use the Schwinger-Dyson technique to evaluate the dynamical mass of the fermion. The Schwinger-Dyson equation for the fermion self-energy Σ(p) is written as
is the full propagator of the fermion field which is written as
which includes the full correction beyond the perturbative fermion propagator given in Eq. (5).
To analyze Eq.(12) further, we need to introduce any suitable approximation. In this paper, we limit ourselves to use the lowest ladder approximation where the full propagator of the gauge field and the full vertex are replaced by the free propagator and the bare vertex respectively as
where iD µν has been given in Eq. (2). Thus the Schwinger-Dyson equation in the lowest ladder approximation becomes
We substitute Eqs. (2) and (13) into Eq.(15). Following the same steps used in getting Eqs. (7) and (8), we finally obtain the coupled integral equations as
which contain only the integration on the radial variable k. We solve these equations by an approximated analytical method in this section and also numerically by using an iteration method in the following section.
We can check easily that Eqs. (16) and (17) reduce to the Schwinger-Dyson equations in QED 3 without the Chern-Simons term if we put the topological mass µ equal to zero. In fact, taking the limit as µ → 0 in Eqs. (16) and (17), we obtain
which is the Schwinger-Dyson equations in the lowest ladder approximation derived in QED 3 without Chern-Simons term. We can see that there exists the specific gauge where the wave function renormalization is absent. Thus in the Landau gauge(α = 0), Eq. (19) gives us the simple solution as A(p) = 1 and the problem reduces to solve Eq. (18) with A(p) = 1.
In the case with the Chern-Simons term, as is seen in Eqs. (16) and (17), there does not exist such a specific gauge where the wave function is not renormalized. So far we cannot find a self-evident reason that the Landau is still specific in QED 3 with the Chern-Simons term, it must be fair to study Eqs. (16) and (17) for various values of the gauge-fixing parameter α.
While the Schwinger-Dyson equations (16) and (17) in the Maxwell-Chern-Simons QED 3 reduce to the equations (18) and (19) in QED 3 without the Chern-Simons term under the "naive" µ → 0 limit before integration, it is not so obvious whether the solutions of Eqs. (16) and (17) tend to the ones of Eq. (18) and (19). We cannot exclude a possibility that the interchange of the µ → 0 limit and the integration is not allowed because of a nontrivial nature of the integration kernels as distribution functions. In addition, we know that the Schwinger-Dyson equations (18) and (19) have two solutions. One is trivial (B(p) = 0) and the other is non-trivial. It is interesting to find how the solution of Eqs. (16) and (17) behaves in the µ → 0 limit.
It is very useful if we can estimate A(0) and B(0) analytically even under a fairly crude approximation. The kernels of these integral equations are dumped rapidly as the integral variable k increases so that the contribution from k ≈ 0 is the most dominant one in the integrals. We approximate A(k) and B(k) by A(0) and B(0) in the integrals. We call this approximation "the constant approximation". Of course this approximation might be too crude for our purpose and we only use the result as reference in the numerical analysis. Under this approximation, we can perform the remaining radial integration and obtain
where we have considered the case of µ > 0. From Eq. (20), we can see that the dependence of B(0) and A(0) on the gauge-fixing parameter, the coupling constant and the topological mass has the following peculiar features: B(0) depends linearly on α. In the Landau gauge (α = 0), A(0) = 1 and B(0) = e 2 /2π. A(0) = 1 is favourable for us because A(p) = 1 means that the Ward-Takahashi identity is satisfied. A(0) does not depend on e 2 . It means that the deviation of A(0) from 1 is independent of the coupling constant. This is crucially different from the perturbative result given by Eq. (11) where the deviation is proportional to e 2 . On the other hand, B(0) is proportional to e 2 . We recognize that there is no dependence on the topological mass µ in Eq.(20). In fact, if we apply the constant approximation to the case without the Chern-Simons term, we obtain the same results as Eq.(20). It means that the amount of the explicit parity breaking in the gauge sector by the topological mass does not affect the dynamical mass in the fermion sector in the constant approximation. Now we proceed to a more precise numerical evaluation in the next section.
Numerical analysis 5.1 Nontrivial solutions and gauge dependence
We solve the two coupled integral equations (16) and (17) numerically by using a method of iteration. First we substitute trial functions into A(k) and B(k) on the right-hand sides of Eqs. (16) and (17) and then calculate the integrals numerically. The outputs so obtained, A(p) and B(p), are substituted back to the right-hand sides until the outputs coincide with the inputs. Finally we obtain convergent functions A(p) and B(p), which satisfies the integral equations, if there exist any solutions in Eqs. (16) and (17).
We have obtained the nontrivial solutions for the various values of the gauge parameter α. We have found that A(p) is almost a constant and its value is fairy close to 1 in the Landau gauge (α = 0) even for a very small µ. While we do not show the details here since the situation on this point is same as the one in ref. [11] , the Landau gauge is still the best gauge. Therefore we present the results obtained in the Landau gauge hereafter.
Dependence on the topological mass
We are most interested in the dependence of the dynamical fermion mass on the topological mass of the gauge field. In the constant approximation, both A(0) and B(0) do not depend on the topological mass as seen in Eq. (20). We estimate them by the more precise numerical method.
We have studied the dependence of A(0) on the dimensionless parameterμ which is defined byμ = µ/e 2 . (A(0) has no dimension. µ and e 2 have the dimension of mass.) We have found that the deviation of A(0) from 1 is less than 1 %. We may say that A(0) is almost equal to 1 even in the extended region ofμ which is wider than the one in Ref. [11] .
Theμ-dependence of B(0) is nontrivial. One of our motivations is to see whether or not the Maxwell-Chern-Simons QED 3 is smoothly connected to QED 3 without the Chern-Simons term in theμ → 0 limit. Our numerical calculations show that very small meshes are needed to obtain reliable values of B(0) in the regionμ ≪ 1. Because of the limitation of our machine ability, we take another strategy different from our previous work [11] . We estimate B(0) on meshes of zero-width by an extrapolation from some B(0)'s on meshes of different finite-widths.
In Fig.1, we term. The whole shape of B(0) in the region of 10 −5 ≤μ ≤ 10 4 , combining with the result in Ref. [11] , is given in Fig.2. B(0) is almost a constant in the region ofμ > 10 and decreases rapidly in the regionμ = 1.0 ∼ 0.01. In the region ofμ < 0.001, B(0) becomes almost a constant again. The upper dotted line in Fig.2 is the result obtained in the constant approximation (Eq. (20) ) and also in the lowest order perturbation (Eq. (11) ). The lower dotted line shows the value obtained by a nonperturbative calculation in the case without Chern-Simons term. [9] In other words, B(0) reproduces the result of perturbation in the region of e 2 ≪ µ while it is close to the nonperturbative result of QED 3 without the Chern-Simons term in the region of e 2 ≫ µ.
Parity condensate
Another important quantity of indicating to what extent the parity symmetry is broken by the topological mass is a parity condensate, which is a gauge invariant order parameter of a vacuum. We evaluate the parity condensate as a function of the topological mass in order to know the nature of the vacuum. The parity condensate is defined by
where iS ′ F (x) is a propagator in real space-time coordinates, which is related to Eq.(13) by the Fourier transformation as By combining Eqs. (13), (21) and (22) and using the Wick rotation, we obtain
We have known the numerical data of A(p) and B(p) for various values ofμ, which has been obtained by solving Eqs. (16) and (17), so that theμ-dependence of <ψψ > is calculable by a numerical integral. In Fig. 3 , we show theμ-dependence of <ψψ > /e 4 in the region of 10 −5 <μ < 10 −2 . (<ψψ > has the dimension of (mass) 2 . Therefore we plot a dimensionless quantity <ψψ > /e 4 .) To inspect theμ → 0 limit, we extrapolate the B(0)'s in that region toμ = 0 by a least mean square method. The value obtained by the extrapolation is <ψψ > /e 4 = 1.16187×10 −3 . On the other hand, we also evaluate B(p) in QED 3 without the Chern-Simons term by solving Eqs. (18) in the Landau gauge (A(p) = 1). Then we calculate the condensate of Eq. (23) numerically and obtain <ψψ > /e 4 = 1.15222×10 −3 . Both values coincide within an error less than 1 %. Therefore we may say that the behaviour of <ψψ > also supports that QED 3 with the Chern-Simons term reduces to QED 3 without the Chern-Simons term smoothly in theμ → 0 limit.
Theμ-dependence of <ψψ > /e 4 in the region of 10 −5 ≤μ ≤ 10 4 is shown in Fig. 4 . In the region ofμ ≪ 1, the condensate is almost a constant. Aroundμ ≈ 0.001, it starts to increase. Forμ ≫ 1, the increasing of the condensate is almost linear. The parity condensate increases more and more asμ does. Notice that there is no saturation for the increasing of <ψψ > /e 4 . 
Conclusion
We have studied the dependence of the dynamical fermion mass and the parity condensate on the topological mass in the Maxwell-Chern-Simons QED 3 nonperturbatively by using the Schwinger-Dyson method. When the topological mass is larger than the square of coupling constant, the value of the topological mass remains to be the one obtained by the perturbation. As the topological mass decreases, the value is changed to a nonperturbative value rapidly. The transition from the perturbative value to the nonperturbative one is sharp but not critical. Though it does not seem to be a phase transition, the inclusion of the Chern-Simons changes the nature of the theory drastically.
Motivated by the non-analytic behaviour of the fermion self-energy in the perturbation, we have studied whether or not QED 3 with the Chern-Simons term reduces to QED 3 without the Chern-Simons term in the zero limit of the topological mass. We have checked the behaviour of the dynamical mass and the parity condensate for the extremely small topological mass in detail. The result shows that both quantities tend to the ones of QED 3 without the Chern-Simons term. Thus we conclude that QED 3 with the Chern-Simons term reduces to QED 3 without the Chern-Simons term smoothly in the nonperturbative level.
In general, an addition of a topological term to an action can give us a highly nontrivial deformation of a theory. Then it is not self-evident how the theories with or without the topological term are connected each other. The present work suggests that the linking of the theories should be considered in a nonperturbative level. 
